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Abstract. The Jordan- Wigner fermionization for the one-dimensional Bariev model 
of three coupled XY chains is formulated. The Lax operator in terms of fermion 
operators and the quantum R-matrix are presented explicitly. Furthermore, the graded 
reflection equations and their solutions are discussed. 
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It is well known that the Jordan- Wigner transformation is generally used to convert 
spin models into fermion models, or vice versa, in condensed matter physics. Successfully 
applied to the one- dimensional Hubbard model, the Jordan- Wigner transformation led 
to a complete parametrization of the quantum R-matrix |^ Q in the framework of the 
Quantum Inverse Scattering Method (QISM) p, ||. However, the generalization of it to 
integrable systems with an arbitrary number of internal degrees of freedom seems to be 
rather infrequent because of the cumbersome calculations involved. Although there is a 
scheme proposed by Gohmann and Murakmi to treat the fermionization of integrable 
lattice systems, it only applies to a model where the Lax operator coincides with 
the quantum R-matrix. Another generalization of the Jordan- Wigner transformation 
was proposed recently by Batista and Ortiz to convert spin-*? operators of the 
SU{2) algebra into fermion operators. Although it reveals a new insight into the 
integrable models of strongly correlated electrons, it can just be applied to higher spin 
representation. Nevertheless, some very interesting models do not present this property, 
such as the ID Hubbard model @], the two-coupled XY chains [0, ||, three coupled XY 
chains [|1^], etc. In this communication, we generalize the Jordan- Wigner transformation 
0, |lT| |12[ to the one- dimensional Bariev model of three coupled XY chains 0, [10 



which possesses three internal degrees of freedom. The model has finite magnetization 
at the ground state in zero external field and exhibits the existence of hole pairs of 
Cooper type which are relevant to theories of superconductors 0. We convert the 
three coupled spin chains into a fermion model of strongly correlated electrons. The 
graded Yang-Baxter relation and the graded reflection equations, which guarantee the 
integrability of model in the bulk and at the boundaries, respectively, are formulated in 
the framework of QISM. The integrable boundary conditions for the fermion model, as 
well as the first conserved current next to the Hamiltonian and the boundary interactions 
in terms of fermion operators, are constructed. Our results facilitate the algebraic Bethe 
ansatz [|l3l for the model with periodic and open boundary conditions, which provides 



the spectrum of all conserved charges, essential in studying finite temperature properties 
of the integrable models. 

We begin by considering a spin chain model defined by the following Hamiltonian 

L 

i=i 

where Hj j^i denotes the Hamiltonian density of three XY spin chains coupled to each 
other [|ig 



Q = l 



where af^^-^ = i((7j(„) izcrj^^^), with ^j{a)^(^]{a)^'^j{a) being the usual Pauli spin operators 
at site j corresponding to the a-th (a = 1,2,3) XY spin chain, 9{a' — a) is a step 
function of {a —a) and 77 is a coupling constant. As was shown in |jlO|, the Hamiltonian 
commutes with a one-parameter family of transfer matrices t{u) of a two-dimensional 
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lattice statistical mechanics model. This transfer matrix is the trace of a monodromy 
matrix T{u), which is defined , as usual, by 

T(w) = Lon{u) ■ ■■Lqi{u) 

with Loj{u) of the form, 
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The explicit form of the corresponding R- matrix is given in . 

Now let us introduce the following Jordan- Wigner transformation for a model with 
three degrees of freedom 



Cj(a) 
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Above and Cjf^a) are creation and annihilation operators with colour index a 

(a = 1,2,3) satisfying canonical anti-commutation relations and njf^a) = 
the density operator. Under such a transformation, one may obtain the Hamiltonian of 
a fermionic model which is equivalent to the model (|I|): 

3 
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^ Yj ^j+e{a'-a)(a') 

t , 
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describing fermions hopping along a lattice with strong correlations determined by the 
occupation numbers of the fermions with different colours. In order to apply the QISM 
approach, let us now connect the fermion model (0) with a Lax operator which realizes 
the graded Yang-Baxter relation. For this purpose, let us first define the matrix 

^i = %)®V;-(2)®y,(3). (12) 

Then the fermion Lax operator C{u) can be presented as 

CoAu) = V,+,Loj{u)V-\ (13) 
After lengthy algebra, we may write the fermion Lax operator in the following way: 



where 
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Above we have introduced the notation: 
9t{a) = uexp{2r]) + (i - wexp(2r7))nj(„), 
9 m) =M + (i-M)nj(„), 



9j{a) 
9j{a) 



uexp{r]) + (i - uexp{r]))nj(^a), 
1 - (1 + iuexp(2?7))nj(a). 
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3Kc) = 1 - (1 + i« exp(77))nj(„), g^^^^ = 1 - (1 + m)nj^^), 

/i = ^/l + u^expi2ri), = VlT^. 

After sophisticated algebra, indeed, we can incorporate the fermion Lax operator (0) 
into the graded Yang-Baxter relation 

7l{u,v)Coj{u) ®s 'Cojiv) = Coj{v) ®s 'Coj{u)'JZ{u,v), (15) 

which is essential to the integrability of the model (|TT]). The fermion version of the 
quantum R-matrix comprises 

n{u,v) = W ■ R{u,v) ■W-\ (16) 

where is a 64 x 64 diagonal matrix given by 



W={ ^ ®M® ^ ^ (17) 




with M = diag {1, — i, —1, i, — i, 1, — i, 1, — 1, i, —1, i, i, —1, —i, 1}. R{u, v) stands for the 
quantum R-matrix for the spin model (||), which is presented in [|l^. Above ®5 denotes 
the graded tensor product 

[A^sBU.s = (-l)[^(")+^(^)]^(^M„,i?^5, (18) 

with the Grassmann parities obeying the grading P{1) = -P(4) = P{Q) = P{7) = and 
P(2) = F(3) = F(5) = P(8) = 1. We would like to stress that the grading and the 
VF-matrix are uniquely determined by the Jordan- Wigner transformation (|^) and are 
not only an artificial choice. However, one can see that the grading coincides with the 
choice of the bosonic and fermionic degrees of freedom, i.e., up-spin is referred to as 
a bosonic degree of freedom, whereas down-spin as a fermionic one in the basis of the 
auxiliary space V(= (g) (g) C^) as 

ei = |TTT), e2 = |TTi), e3 = |TiT), e4 = |Tii), 
e5 = |iTT), e6 = |iTi), 67 = I lit), e8 = |iii). 
It follows that 

7^(u, v)T (u) (g)s T{v) = T (v) T {u)n{u, v), (19) 

where T{u) is the monodromy matrix 

Tiu) = CoL{u)---CoLiu). (20) 

The graded Yang-Baxter algebra ([l9| ) ensures the commutativity of the transfer matrix 
t{u) = StiT^u) for different spectral parameters, i.e. [t{u),t{v)] = 0. This implies 
that t{u) can be viewed as a generating function of an infinite number of commuting 
conserved currents, which may be obtained through the expansion of the t{u) in powers 
of u 

\nT{u)=\nT{0) + Hu+-Ju^ + ---, (21) 
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where J is the first non-trivial conserved current next to the Hamiltonian: 
L r 3 

j=l a=l 



-expr] sinhT]^ [(c]_i(„)9(„) - c]^^^fj-i{a)){c]^pf,+m + c]+i(/3)Ci{/3)) 



Xexp h 5^ exp U ri^+e(;3' _;3){/3' ) 

3 

-expr/ sinh?]^ [(c](a)Ci+i{") + ^]+i{afo{c.)){c]i^pfj+m - c]+i(/3)Ci{/3)) 

a</3 

xexp U ^ ri.+,(„._„)(„.) exp U n^+e^'-m') ) [ • (^2) 

Therefore, we have built up an important ingredient towards the QISM approach 
for the model. Next we shall discuss the integrable boundary conditions for the fermion 
model with the Hamiltonian density (|ll|). The boundary conditions are known to be 
useful in studying conductivity properties in such non-fermion liquids (see, for example, 
1^, 0). The open boundary conditions for the spin model (H) were studied in |]16|, [1^. 



Now we show that the fermion version of TZ satisfies the following graded reflection 
equations 

7^12(M,^;) {u)n2i{v,-u) {v) 

=K, (^;)7^l2(w, -v) (n)7^2l(-^;, -u), (23) 

_ 1 _ 2_ 

nff'^v.u) Kl'^ {u)nui-u,v) Kl'^ (v) = 

2_ _ 1 _ 

Kf' {v)'}Z,,{-v,u) Kf^ {u)'R.ll'^''{-u, -v), (24) 

above we used the conventional notation 

X= X ®s , X= Iv, O5 X, (25) 

where ly denotes the identity operator on V, and, as usual, 7^i2 = V ■ TZ and 
7I21 = V ■ IZ12 ■ V. Here V is the graded permutation operator which can be represented 
by a 2^ X 2^ matrix, i.e., 

Pcp^s = (-l)^(")^(^)5«5^/37. (26) 
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Furthermore, superscripts St^ and St^ denote the supertransposition in the space with 
index a and its inverse, respectively. 

The graded reflection equations (EBI) and (E 



_ (27) 
together with the graded Yang-Baxter 



(28) 
(29) 
(30) 



algebra ( |T^ ) and the following properties 
ni2{u,v)TZ2i{v,u) =1, 
^f^H-^;,«)7^t(n,-«) = l, 

assure that the double-row transfer matrix 

t{u) = StroK+{u)T{u)K4u)T-\-u) (31) 

commutes for different spectral parameters, proving the integrability of the model with 
open boundary conditions. After a lengthy calculation, we find that the left boundary 
K-{u) -matrix is given by 
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and m = 3 



B_{u) 



1 



E_{u) = G^{u) = (c_ + m), 
F_{u) = H_{u) = (c_ -u), 



These results coincide with those obtained for the spin model studied in ref. ||T7 
However, its companion, the right boundary X_|_(w)-matrix: 
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is different from that in the non- graded case. Thus the graded reflection equations 
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and pi) warrant the following boundary terms to be integrable: 
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where c± are parameters describing boundary effects. With the different choices of 
the pair (m, /) m, / = 1,2,3, there exist nine classes of integrable boundary terms 
compatible with the integrability of the model (|n|). 

So far, we have performed the fermionization of the one-dimensional Bariev model 
of three coupled XY chains. By verifying the graded Yang-Baxter relation, the fermion 
Lax operator and the quantum R-matrix are derived explicitly. Further, the integrable 
boundary conditions for the fermion model are discussed. Our results provide a the 
starting point towards the algebraic Bethe ansatz for the model with both periodic and 
open boundary conditions by means of the QISM. 

Acknowledgments A.F. and X.W.G. thank CNPq (Conselho Nacional de 
Desenvolvimento Cientifico e Tecnologico) and FAPERGS (Fundagao de Amparo 
a Pesquisa do Estado do Rio Grande do Sul) for financial support. X.W.G. 
gratefully acknowledges the hospitality of the Institut fiir Physik, Technische Universitat 
Chemnitz. J.L. and H.Q.Z. acknowledges the support from the Australian Research 
Council. 



Jordan- Wigner fermionization for the one- dimensional Bariev model of three coupled XY chainslO 



References 

[1] B.S. Shastry 1986 Phys. Rev. Lett. 56 1529; 56 2453. 

[2] M. Wadati, E. Olmedilla and Y. Akutsu 1987 J. Phys. Soc. Jpn 56 340; 

E. Olmedilla, M. Wadati and Y. Akutsu 1987 J. Phys. Soc. Jpn 56 2298 
[3] L.D. Faddeev, 1984 Les Houches 1982 ed. J.B. Zuber and R. Stora (Amsterdam: North-HoUand); 

P.P. Kulish and E.K. SKlyanin, in: Lecture Notes in Physics, Vol. 151 (Springer, BerHn,1982) P61 
[4] V.E. Korepin, N.M. Bogoliubov, A.G. Izergin, Quantum inverse Scattering Method and Correlation 

Function, Cambridge University Press 1993 
[5] F. Gohmann and S. Murakmi 1998 J. Phys. A: Math. Gen. 31 7729. 
[6] CD. Batista and G. Ortiz. 2001 Phys. Rev. Lett. 86 1082. 
[7] R.Z. Bariev 1991 J. Phys. A: Math. Gen. 24 L549; A: Math. Gen. 24 L919. 
[8] H.-Q. Zhou 1996 Phys. Lett. A 221 104; 1996 J. Phys. A: Math. Gen. 29 5509. 
[9] R.Z. Bariev, A. Kliimper, A. Schadschneider and J. Zittartz 1993 J. Phys. A: Math. Gen. 26 4663; 
J. Phys. A: Math. Gen. 26 1249 
[10] H.-Q. Zhou and D.-M. Tong 1997 Phys. Lett. A 232 377. 
[11] H.-Q. Zhou and J.-G. Tang 1988 Phys. Rev. B 38 11915. 
[12] M. Azzouz 1993 Phys. Rev. B 48 6136; 



O. Derzhko 2001 Jordan- Wigner fermionization for spin-^ systems in two dimensions, cond- 



mat/0101188 



[13] M.J. Martins and P.B. Ramos 1997 J. Phys. A: Math. Gen. 30 L465; P.B. Ramos and M.J. Martins 

1998 Nucl. Phys. B 522 413. 
[14] G. Bediirftig and H. Frahm 1999 Phsica E 4 246; 1999 J. Phys. A: Math. Gen. 32 4585; 

G. Bediirftig and H. Frahm 1997 J. Phys. A: Math. Gen. 30, 4139; 

G. Bediirftig , B. Brendel, H. Frahm and R.M. Noack 1998 Phys. Rev. B 58 10225 
[15] H. Asakawa and M. Suzuki 1997 Physica A 236 376; H. Asakawa 1998 Physica A 256 229. 
[16] A.J. Bracken, X.-Y. Ge, Y.-Z. Zhang and H.-Q. Zhou 1998 Nucl. Phys. B 516 603. 
[17] A. Foerster, M. D. Gould, X.-W. Guan, I. Roditi and H.-Q Zhou 2001 Integrable open boundary 



conditions for the Bariev model of three coupled XY spin chains, cond-mat/0105203 



